We revisit radiative parton energy loss in deeply inelastic scattering (DIS) off a large nucleus within a generalized high-twist approach. We calculate the gluon radiation spectra induced by double parton scattering in DIS without collinear expansion in the transverse momentum of initial gluons as in the original high-twist approach. The final radiative gluon spectrum can be expressed in terms of the convolution of hard partonic parts and unintegrated or transverse momentum dependent (TMD) quark-gluon correlations. The TMD quark-gluon correlation can be factorized approximately as a product of initial quark distribution and TMD gluon distribution which can be used to define the generalized or TMD jet transport coefficient. Under the static scattering center and soft radiative gluon approximation, we recover the result in the Gylassy-Levai-Vitev (GLV) approach in the first order of the opacity expansion. The difference as a result of the soft radiative gluon approximation is investigated numerically under the static scattering center approximation.
I. INTRODUCTION
In high-energy heavy-ion collisions, an energetic parton will undergo multiple scattering in hot quark gluon plasma (QGP) and loses energy along its path. The parton energy loss will lead to the suppression of final energetic jets [1] and large transverse momentum hadrons [2] in heavy-ion collisions as compared to proton-proton collisions. This phenomenon known as jet quenching has been observed in experiments at the Relativistic Heavyion Collider (RHIC) [3, 4] and the Large Hadron Collider (LHC) [5] [6] [7] and has been used to extract properties of the QGP that is produced in high-energy heavy-ion collisions [8] . Similar processes of multiple parton scattering and parton energy loss also occur in deeply inelastic scattering (DIS) off a large nucleus. The phenomenon can also be used to study properties of cold nuclear matter as probed by energetic quarks [9, 10] . For recent reviews on jet quenching theory and phenomenology see Refs. [11] [12] [13] [14] .
Since the first attempt to study radiative energy loss for a propagating parton in a dense QCD medium [15] , several approaches based on perturbative QCD (pQCD) have been developed to calculate radiative parton energy loss induced by multiple scattering. The Baier-Dokshitzer-Mueller-Peigne-Schiff and Zakharov (BDMPS-Z) [16] [17] [18] approach considers soft gluon radiation as a result of multiple scatterings while Gyulassy-Levai-Vitev (GLV) and Wiedemann [19] [20] [21] approach assumes the leading order in the opacity expansion for medium-induced gluon radiation. Both of these approaches assume the medium as a series of static scattering centers as in the Gyulassy-Wang (GW) model [15] . The AMY [22, 23] formalism employs the hard thermal loop improved pQCD at finite temperature to calculate * xnwang@lbl.gov the scattering and gluon radiation rate in a weakly coupled thermal QGP medium. High-twist (HT) [24] [25] [26] [27] approach uses the twist-expansion technique in a collinear factorized formalism in which information of the medium is embedded in the high-twist parton correlation matrix elements. In the latest SCET G formalism [28, 29] , the standard soft collinear effective theory (SCET) is supplemented with Glauber modes of gluon exchange for parton interaction between a fast parton and static scattering centers to study multiple parton scattering and mediuminduced gluon splitting. The relations between some of the above different approaches to parton propagation and energy loss have been discussed in detail in Refs. [30] [31] [32] and numerically compared in Ref. [33] .
In most of these approaches to parton propagation and energy loss, there are several common approximations. Under the eikonal approximation, energy of the propagating parton E and radiated gluon's energy ω are considered larger than the transverse momentum transfer k ⊥ in the scattering, E, ω ≫ k ⊥ . The energy of a radiative gluon is often considered larger than its transverse momentum ω ≫ l ⊥ which is known as the approximation of collinear radiation. The mean free path for the propagating parton is assumed larger than the Debye screening length, λ ≫ 1/µ D , which determines the range of interaction in a thermal medium. In addition, a few other approximations, for example soft radiated gluon approximation E ≫ ω in BDMPS-Z and GLV approaches and the large angle approximation l ⊥ ≫ k ⊥ in the HT approach, are also made in some of the approaches. Most of the approaches except AMY take into account both vacuum and medium-induced radiations and their interference. In BDMPS-Z, GLV and SCET G approaches, the medium is modeled as a collection of static scattering centers. Interactions between the propagating parton and medium, therefore, do not involve energy and longitudinal momentum transfer. In these approaches, the elastic scattering, radiative processes and the corresponding energy loss are calculated separately. Attempts have been made to improve these theoretical approaches. For example, GLV formalism has been extended beyond soft radiation approximation [34] and with a dynamic medium through the hard thermal loop resummed gluon propagator [35] and beyond first order in opacity expansion [36] . The HT approach has been extended to include longitudinal momentum diffusion [37, 38] . Further improvements such as effects of color (de)coherence, angular order [39] [40] [41] and overlapping formation time in sequential gluon emissions [42] have also been studied.
In the HT formalism [24] [25] [26] [27] , the collinear expansion of the hard partonic part in the transverse momentum k ⊥ of the initial gluon requires l ⊥ ≫ k ⊥ . Here l ⊥ denotes the transverse momentum of the radiative gluon while k ⊥ is the transverse momentum of the initial gluon or transverse momentum transfer carried by the gluon exchange in the parton-medium scattering. The scattering and radiation amplitudes are then factorized. The initial transverse momentum k ⊥ can be integrated, giving rise to the collinear factorized parton distributions and correlations. In this study, we will consider multiple parton scattering and medium-induced gluon radiation in DIS off a large nucleus without collinear expansion in the transverse momentum of the initial or exchanged gluons. The gluon radiation spectrum due to multiple parton scattering can be expressed in terms of hard partonic parts and the unintegrated or transverse momentum dependent (TMD) quark-gluon correlation functions. The dynamic picture of the parton-medium interaction emerges explicitly with the energy and longitudinal momentum exchange between the propagating parton and medium. We call this approach the generalized high-twist (GHT) approach in order to relate to the original HT formalism [24] [25] [26] [27] even though the concept of twist expansion in this TMD approach is no longer valid. Since only double and triple parton scattering amplitudes are considered, this is very similar to the leading order contribution of the opacity expansion in the GLV approach. We will study the similarity and difference between the results in the GHT and GLV approach. We will show that under soft gluon radiation and static scattering center approximations, we can recover the GLV results. We also study numerically the effect of the soft gluon radiation and static scattering center approximations. During the study presented in this paper, a similar effort in extending the HT approach to a dynamic medium has been completed in Refs. [43, 44] .
The remainder of the paper is organized as follows. In Section II, we lay out notations and conventions using the single scattering in deeply inelastic scattering (DIS) as an example. The calculation of radiative gluon spectrum induced by multiple parton scattering is described in Section III with details for one example diagram. The full results of a complete list of diagrams are provided in Appendix A. We also show how to calculate the radiative gluon spectrum using helicity amplitude method with soft gluon approximation in Appendix B. The relation between the unintegrated gluon distribution function φ(x, k ⊥ ) and transverse momentum dependent (TMD) jet transport parameterq( k ⊥ ) is also discussed. In Section IV, we discuss the results on radiative gluon spectrum from the GHT approach under various approximations and compare to the result from the GLV formalism. A summary and some further remarks are presented in Section V.
II. SINGLE SCATTERING
The cross section of unpolarized semi-inclusive DIS (SIDIS) process,
as shown in Fig. 1 , can be expressed as
where the Mandelstam variable s = (l 1 + p) 2 is the total invariant center of mass energy squared for the leptonnucleon system, p is the four-momentum per nucleon in a large nucleus with atomic number A and q is the fourmomentum of the intermediate virtual photon. The leptonic tensor is
where 1/2 is the spin average factor of the initial lepton. The unpolarized semi-inclusive hadronic tensor is,
After reversing the direction of q (change q to −q), we get the unpolarized semi-inclusive hadronic tensor, where the hadronic current is defined as J µ (0) = ψ q (0)γ µ ψ q (0). This unpolarized semi-inclusive hadronic tensor, which is also preferred to as leading-twist hadronic tensor, can be illustrated diagrammatically in The intermediate state Z has two parts, X and S, where X represents the spectators in nuclei while S denotes the remaining hadronic states from the hadronization of the final quark. The four-momentum of the virtual photon and the initial nucleon are
The fraction of light-cone momentum carried by the observed hadron with momentum l h is z h = l − h /q − . Under the collinear approximation, one can expand the hard partonic part of the γ * + q scattering in the initial transverse momentum of the quark. The leading term of the expansion gives rise to the leading twist unpolarized semiinclusive hadronic tensor in a factorized form,
where the lower index S(0) denotes that the quark originated from the nucleus only undergoes a single scattering with the virtual photon without corrections from the strong interaction. The nuclear quark distribution function is defined as,
and the definition of the quark fragmentation function is,
The hard partonic part is,
Soft eikonal gluons attached to the nucleus target and the final state hadrons can be summed as gauge links in the quark distribution function and parton fragmentation function. They are omitted here for brevity of the notation.
The next-to-leading (NLO) order corrections in the strong coupling constant to the fragmentation process in SIDIS are from the final state radiation, as shown in Figs. 3 and 4, in axial gauge (A − = 0).
Next-to-leading order contribution to leading twist hadronic tensor with quark fragmentation.
If the identified final hadron comes from the quark, as in Fig. 3 , the NLO correction to the hadronic tensor is
where the lower index S(1)q denotes the NLO radiative correction to the hadronic tensor from single photonquark scattering, with the final hadron from the fragmentation of the quark. The fraction of momentum carried by the final state quark l q is z = l − q /q − . The factorization scale is µ 2 , which separates the perturbative hard partonic part from the non-perturbative fragmentation processes (fragmentation function).
When the identified final hadron comes from the radiative gluon, as in Fig. 4 , the NLO radiative correction to the hadronic tensor is,
Note that z = l − /q − here is the momentum fraction of the radiated gluon and the gluon fragmentation function is, There are both infrared and collinear divergences in the above radiative corrections to the hadronic tensor of SIDIS. The infrared divergence is in the splitting function of the hadronic tensor dW µν S(1)q /dz h in Eq. (10) for identified hadrons originated from quark, when the momentum fraction of the final quark z approaches 1. To deal with this, one has to include the virtual corrections at NLO to the hadronic tensor as shown in Fig. 5 . These virtual corrections from the sum of the two diagrams in (13) where each of the diagram contributes one half. The lower index S(v) denotes the virtual correction at NLO to the hadronic tensor of DIS process which also has both infrared and collinear divergences. When summed together, the infrared divergences in the radiative and virtual corrections cancel. The remaining collinear divergences can be absorpted into the renormalized fragmentation function D q→h (z h , µ
2 ). The leading twist hadronic tensor for SIDIS process, including the final state radiation and virtual correction, can be written as
and the renormalized quark fragmentation function is defined as
which satisfies the DGLAP equation [45] [46] [47] .
III. MEDIUM INDUCED GLUON RADIATION
In the process of SIDIS off a nucleus target, the outgoing quark may undergo secondary scatterings with another parton in the nucleus which in turn can induce gluon radiation. Such secondary scatterings are especially important when the initial quark and the second medium parton originate from two different nucleons inside the nucleus. In this case, the corresponding contributions to the hadronic tensor are enhanced by the size of the nucleus A 1/3 . We will only consider contributions with nuclear enhancement and neglect those without, for example, when the initial quark and medium parton are from the same nucleon inside the nucleus.
A. Double Scattering
There are many contributions from gluon radiation induced by double parton scattering to the hadronic tensor of the SIDIS processes. We will focus on the processes that have two gluon exchanges between the propagating quark and the nucleus in the cut-diagram. Processes with double quark scattering have been discussed in detail in Ref. [27] . We first illustrate the procedures to calculate the semi-inclusive hadronic tensor from medium induced gluon radiation, using the central cut-diagram in Fig. 6 as an example. Calculations of other cut-diagrams are given in Appendix A. The semi-inclusive hadronic tensor for the central cutdiagram in Fig. 6 can be written down as,
where the lower index "D(1)q" denotes radiative corrections to the double scattering process and the identified hadron is from the fragmentation of the final quark. One can carry out the integrations over z 1 and z 2 which lead to the energy-momentum conservation at the vertices of gluon radiation. Factoring out the fragmentation function and noticing that the dominant components of the initial gluon in covariant gauge are
the hadronic tensor can be rewritten as,
where
and polarization tensor of the final gluon is,
in an axial gauge (A − = 0), where n = [1, 0 − , 0 ⊥ ]. Following the notations in Ref. [25] for the high-twist approach to parton energy loss, the hadronic tensor can be expressed as
with partonic hard part as
Using the pole structure of the propagators inĤ σρ under the contour integration and δ(l 2 q ) from the on-shell condition of the cut quark line, one can carry out the integrations over x, x 1 and x 2 , and get
Under collinear approximation, one can also make the following simplification,
Taking the trace Tr[γ − p σĤ σρ p ρ ] and integrate over l + and l − , we get the partonic hard part,
The contribution to the hadronic tensor from this central cut-diagram reads
Following the same procedures, one can calculate contributions to the hadronic tensor from all the cut diagrams for double parton scattering at α 2 s -order whose results are given in Appendix A. Summing up these contributions, including central, left and right cut diagrams, the hadronic tensor from double parton scattering with hadrons from the fragmentation of the final quark can be expressed as,
with partonic hard parts from central, left and right cut diagrams,
In order to organize the above contributions, we have reversed the sign of the initial transverse momentum k ⊥ in some diagrams. See Appendix A for details. One can also get the hadronic tensor using helicity amplitude approximation, which is the same as the full result from the cut-diagrams in the soft gluon approximation z → 1, as was also studied in the HT approach in Ref. [25] . Details of the helicity amplitude calculations are given in Appendix B. One can also obtain virtual corrections from the unitarity requirement which will cancel the infrared divergence in the radiative corrections listed above.
In addition to the above listed contributions, there are also contact contributions that are not enhanced by the nuclear size due to path ordered integration. They are negligible as compared to contributions listed above. There are two sources of contact contributions. One type of contact contributions come from the combination of central, left and right cut diagrams with a common hard partonic part,
with
The combination of θ-functions in these contact terms leads to path-ordered integration,
that limits the range of both coordinates in the integration within one single nucleon, 0 < y
These contributions are not enhanced by the nuclear size and therefore negligible comparing to other terms that are enhanced by the nuclear size. In the Glauber limit k ⊥ → 0 the above contact term becomes a part of the gauge link for the NLO correction to the single scattering. Other terms in the collinear expansion of these contact contributions lead to higher-twist terms that are not enhanced by the nuclear size.
The second type of contact contributions come from the integration region of right cut diagrams. The integration regions of y − , y 
respectively, where y
If the integration region for |y − 12 | < r N is limited by the size of the nucleon r N , the three integration regions become
(41) respectively. The integration in the square brackets for the contributions from the right-cut diagrams is pathordered 0 < y
The summation of these two types of contact contributions reads,
B. Quark-gluon correlation function and TMD jet transport parameter
Before we continue to calculate radiative gluon spectra and parton energy loss, we pause to discuss the quark-gluon correlation function in the contributions to the hadronic tensor from double scattering. The generic quark-gluon correlation function in every term in Eq. (28) has the form,
where the θ-functions are different for contributions from central, right and left cut diagrams,
If we neglect the correlation between parent nucleons of initial quark and medium gluon, and define the effective impact-parameter-dependent nuclear quark distribution function f
the correlation function can be factorized as
where the overall factor C depends on the integration region of y 
is the single nucleon phase space density distribution [49, 50] and the nucleon density is given by, (49) which is normalized as,
through integration by part and defining the unintegrated gluon distribution function φ(x, k ⊥ ) as,
one can simplify the quark-gluon correlation function as
where we assume the nucleon size |y ) and the averaged momentum of the single nucleon is p ′ ≈ p. The unintegrated or transverse momentum dependent (TMD) gluon distribution function φ(x, k ⊥ ) in the factorized quark-gluon correlation function can also be related to TMD jet transport parameter. The jet transport parameter is defined as the averaged transverse momentum broadening squared per unit length,
where ρ is the density of the color source, while dσ R is the differential cross section for scattering between a jet parton in color representation R and medium partons from the color source averaged over the color source momentum. For DIS process, the medium color source is the nucleon inside a nucleus. In order to relate the medium TMD gluon distribution function to the jet transport parameterq, we consider jet parton scattering off the medium color source as illustrated in Fig. 7 . For unpolarized jet parton and medium color source, the initial spin is averaged and final spin is summed. For color fields from the medium color source, the dominant component is A + and therefore,
, and the momentum transfer of the scattering is xp ′ + k ⊥ . Note that we consider energy and longitudinal momentum transfer between jet parton and the
Scattering between jet parton and medium color source medium. The medium color source is therefore dynamic rather than static as in the GW static color-screened Yukawa potential model. Given the above kinematics and assumptions about the medium, the differential cross section for scattering between the jet parton and medium is,
where the quadratic Casimir of the jet parton is denoted as C 2 (R) (C A = N c for a gluon and C F = (N 2 c − 1)/2N c for quark), the color of the jet parton and medium gluon are both averaged. Averaging over the momentum of the color source, we assume the momentum of the color source can be approximated by its average value p ′ ≈ p ′ ≡ p. According to the definition of jet transport parameter in Eq. (52), one obtains from the above cross secton,
where the unintegrated or TMD gluon distribution φ(x, k ⊥ ) [50] is defined in Eq. (50) . The TMD jet transport parameterq( k ⊥ ) should depend on the jet parton energy l − and the average momentum of the color source p + through x in φ(x, k ⊥ ). It is also proportional to the local density of color source ρ(y). In the limiting case when the energy transfer is small, i.e. x ≈ 0, the jet transport parameter becomes,
Under small angle scattering approximation, the elastic cross section for jet and medium parton scattering,
shown in Fig. 8 for quark-quark and quark-gluon scattering as an example, can be written as,
where C 2 (R) and C 2 (T ) are the quadratic Casimirs for jet and medium parton, respectively, and
if one neglects the energy and longitudinal momentum transfer. According to Eq. (52), the jet transport parameterq for the jet parton scattering with a medium of partons with density ρ in color representation T is,
The corresponding unintegrated gluon distribution function with zero longitudinal momentum and energy transfer is,
(58)
C. Radiative gluon spectrum
With the factorized quark-gluon correlation function, one can express the differential hadronic tensor from double parton scattering in the SIDIS processes in terms of the TMD medium gluon distribution function or jet transport parameter as,
(59) One can interpret the above as the hadronic tensor for hadron production from quark or gluon fragmentation in which the quark was first knocked out from the nucleus at position (y − , y ⊥ ) and scatters again with another gluon from the nucleus at (y − 1 , y ⊥ ) with induced gluon radiations. The radiative gluon spectrum dN g /dl 2 ⊥ dz, which depends on the initial production position of the quark (y − , y ⊥ ), is,
Note that the 1/2 factor beforeH
the constant C in quark-gluon correlation function. One can find the corresponding expression ofH for each cut diagram in Appendix A. The radiative parton energy loss can be expressed in terms of gluon radiation spectrum as
IV. SOFT AND STATIC APPROXIMATIONS
In order to simplify the final results for radiative gluon spectrum in this GHT approach and compare to past results, we will consider three approximations: static scattering center approximation, soft radiative gluon approximation and the combination of these two. At the end of this section, we will also numerically compare results under these approximations.
A. Static scattering center approximation
For static scattering center approximation, we consider the energy transfer in the scattering between jet and medium parton negligible as compared to the hard scattering energy scale,
and y
The radiative gluon spectrum is,
Summing up contributions from central, right and left cut diagrams, one finds that many terms cancel and gets the final gluon spectrum as,
B. Soft radiative gluon approximation
Under the soft gluon approximation z ≪ 1, one only keeps the leading terms when z → 0. The radiative gluon spectrum becomes,
C. Static scattering center + soft gluon approximation
Under the static scattering center + soft gluon approximation, the radiative gluon spectrum is,
Similarly as in the static scattering center approximation, many terms in the central, right and left cut diagrams cancel. One can get a simple expression for the radiative gluon spectrum,
The above result is very similar to the GLV result under the first opacity approximation [19, 20] . To have an exact comparison, we also consider a static screened potential model for scattering between the jet and medium parton. Under this model, we will substitute the unintegrated gluon distribution with zero longitudinal momentum and energy transfer φ(0, k ⊥ ) from Eq. (58) in the above expression and obtain,
The radiative gluon number distribution from the GLV formalism in the first order opacity approximation can be cast in a similar expression [51] ,
where the splitting function for q → qg is P qg (z) = [1 + (1 − z) 2 ]/z and the scattering kernel in static colorscreened Yukawa potential is,
The arguments in the cosine function are
The densityρ(y 10 ) in the GLV formalism is the normalized distribution of N number of scattering centers over the transverse area A ⊥ . It can be related to the color source density in our calculation as,
Under these approximations, our result in Eq. (81) recovers that of GLV in Eq. (82) in the first order opacity approximation.
D. Numerical comparisons of soft and static approximation
To investigate the effect of soft gluon and static scattering center approximations numerically, we define a dimensionless scaled spectrum N g for the induced gluon radiation per mean-free-path,
where the azimuthal angle ϕ between the transverse momentum k ⊥ of the initial medium gluon and l ⊥ of the radiated gluon is averaged in N g . According to Eq. (55), the integrant inside the square brackets in the first line in the above equation is the inverse of mean free path of quark-medium interaction or the scattering rate. Under the static scattering center approximation, the scaled spectrum is
With both static scattering center and soft gluon approximations (GLV result in the first order opacity expansion), the scaled gluon spectrum is
There are several types of collinear divergencies in the above radiative gluon spectrum. The collinear divergence at l ⊥ = 0 arises when the final gluon is from the initial state radiation during the quark-gluon scattering. In this case, the radiated gluon is collinear to the initial quark. Similarly, the divergence at l ⊥ = z k ⊥ happens when the gluon from the final state radiation with
When the final gluon is radiated off the initial gluon (with threegluon vertex, see Fig. 12 , for example), the spectrum has a collinear divergence at l ⊥ = k ⊥ . In this case, the intermediate gluon (gluon propagator) is collinear to the initial quark. Note that
The cosine function from the Landau-PomeranchukMigdal (LPM) interference [52, 53] regularizes the divergence at l ⊥ = k ⊥ . The collinear divergencies at l ⊥ = 0 and l ⊥ = z k ⊥ will be regularized through renormalization of the initial quark distribution function and the final quark fragmentation function. Since the azimuthal angle between k ⊥ and l ⊥ is averaged over in N g , the dimensionless scaled spectrum should be a function of the scaled transverse momentum
scaled propagation length We plot in Figs. 9(a) and 9(b) the scaled gluon spectrum N g from the GHT approach with static scattering center approximation (dashed lines) and static scattering center + soft gluon pproximation or GLV result (solid lines) as a function ofk ⊥l for fixed propagation lengthỹ τ = 4, 8 and different momentum fractions One can see the difference between GLV and GHT approach with static scattering center approximation is very small for small momentum fraction z ≪ 1. The difference becomes appreciable for large values of z as the scaled transverse momentumk ⊥l approaches to 1/z, the location of the collinear divergence in the final state radiation when the radiated gluon becomes collinear to the final quark. The oscillatory behavior comes from the cosine function in the spectrum due to the LPM interference. We also show in Figs. 10(a) and 10(b) the scaled gluon spectrum N g as a function of the scaled propagation lengthỹ τ for fixedk ⊥l = 0.2, 0.8 and different momentum fractions z = 0.1, 0.2, 0.5. The difference between GLV and GHT results with static scattering center approximation again becomes appreciable at large momentum fraction.
V. SUMMARY
We have revisited parton energy loss in eA deeply inelastic scattering process within the generalized hightwist approach. Within this approach, one does not carry out collinear expansion of the hard partonic part of the parton-medium scattering and induced gluon radiation as in the collinear factorized approach. The final radiative gluon spectra induced by multiple parton scattering can be expressed in terms of a convolution of the hard partonic part and transverse momentum dependent (TMD) gluon distribution density inside the nucleus. In general, the final GHT results on radiative gluon spectra can include the effect of a dynamic medium with both energy and transverse momentum transfer between the propagating parton and the medium. We have considered several limits of the final results under the static scattering center approximation, soft gluon approximation and the recombination of the two. Under static scattering center + soft gluon approximation, we recover the result of the GLV approach in the first opacity approximation. We have also examined numerically the effect of soft gluon approximation and find the difference between GHT result with static scattering center approximation and GLV approach appreciable at moderately large momentum fraction and long propagation length.
The TMD gluon distribution density can be related to the TMD jet transport parameter and encodes the properties of the nuclear medium as probed by the propagating parton. This general feature of the GHT approach can be used to incorporate different models of the dynamic medium in the calculation of parton energy loss and the jet quenching observables. It can also be incorporated in the Monte Carlo simulation of jet transport and propagation such as the Linear Boltzmann Transport (LBT) model [54] [55] [56] for both cold and hot QCD medium. In this Appendix, we list contributions to the SIDIS hadronic tensor from all cut diagrams for gluon radia-tion induced by multiple scattering. We categorize the diagrams according to the position of the cut-line: central, left and right cut-diagrams. The kinematics for the SIDIS process in our convention are
where the last line is the polarization vector for radiative gluon in an axial gauge A − = 0.
With the above kinematics, the final gluon radiation spectrum is given as in Eq. (60) 
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We reverse the sign of k ⊥ for right-cut diagrams 4, 6, and 7.
Left cut diagram
One can obtain contributions from left-cut diagrams from the hard parts for right-cut diagrams by the following variable changes,
Appendix B: Helicity Amplitude
In this Appendix, we calculate the hadronic tensor within the helicity amplitude approach in which the helicity of the propagating quark is conserved in the scattering amplitude when the transverse momentum of the fast quark is neglected as compared to its longitudinal momentum.
Assuming the dominant component of a fast quark's momentum is the minus component, have under the helicity amplitude approximation,
where r and s are helicities of quarks, and n = [0, 1, 0 ⊥ ]. In the calculation of the scattering amplitude in this helicity amplitude approach, we assign initial quark and gluons from the nucleus as
The normal Feynman rules apply in the rest of the calculation of scattering amplitude. We also take the soft radiative gluon approximation, z → 1.
There are three kinds of diagrams for double scattering. We calculate the amplitude of the double scattering in Fig. 20 in detail as an example. The black dot in Fig. 20 denotes the off-shell parton before the radiation vertex. One can write down the scattering amplitude according to the Feynman rules defined for this helicity amplitude method, 
, one can simplify the amplitude as
Under the soft gluon approximation z → 1, one can rewrite the amplitude as
Contribution to the hadronic tensor of SIDIS from the above amplitude is
where the hard partonic part is 
In the above calculation, the initial spin and color indices are averaged and final state spin/color indices are summed. In the soft gluon approximation z → 1,
the above contribution to the hadronic tensor in the helicity amplitude approach is the same as the complete result Eq. (27) from the cut-diagram in Fig. 6 . In this work, we use results from helicity amplitude approach to cross check the complete result calculated from cut diagrams. Below we list the helicity amplitude for single, double and triple scattering. 
